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FIG. 1. (Color online) Magnetic order of the 2Q spin spirals with (a) q = M/2 and (b) q = 3K/4.

In the green shaded triangles, the 4-spin–3-site interaction contributes by an energy of �6Y1, in the

grey shaded triangles by +2Y1, where Y1 is the strength of the interaction in the nearest neighbor

approximation, see Eqs. (2) and (3). Unit cells are indicated by thin lines. The Brillouin zone is

shown in (c).

STM experiments were performed in two ultra-high vacuum (UHV) systems with base

pressures p  2 ⇥ 10�10mbar. Clean Rh(111) was prepared similar to Rh(001) [16, 17]. Fe

films were deposited from e-beam evaporators at p < 3 ⇥ 10�10mbar with the substrate

held at TS = (500± 10)K. We used two home-built low-temperature scanning tunneling

microscopes (STM) (T ⇡ 5K), one of which is equipped with a superconducting magnet

with a maximal magnetic field µ0H = 3T oriented along the sample’s surface normal. Topo-

graphic images were obtained in the constant-current mode with the bias voltage U applied

to the sample. We used electro-chemically etched W tips which were flashed by electron

bombardment and gently dipped into the Fe/Rh(111) surface for SP-STM experiments [18].

Figure 2(a) shows an overview image (1µm ⇥ 0.6µm) of 1.3AL Fe film on Rh(111).

Monolayer (ML) and double-layer (DL) regions of the Fe film are labeled correspondingly.

Whereas the ML appears to be flat on the scale of this image, various dislocations structures

can be recognized on the DL which are strikingly similar to previous observations for Fe DL

films grown on Ir(111) [19]. Since we will exclusively focus on the ML here, details of the

DL are irrelevant and will not be discussed any further here.

At higher magnification it becomes obvious that constant-current SP-STM images taken

on ML regions of Fe/Rh(111) are not featureless but exhibit stripes [see Fig. 2(b)], which are
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MOTIVATION(1): MAPPING TO SPIN MODELS
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strategies for finding the magnetic ground state

Magnetic structure                                                 Electronic structure

various solutions                                                                              single solution
may extend over many chemical unit cells                                      symmetry of the chemical unit cell

similar to (structural) relaxation,
similar methods

force field models                                                                              molecular dynamics
classical Heisenberg                                               spin dynamics      
model + extensions

analytically                    numerically                                                  large unit cells   
usually too expensive 

JFe-Mn
JFe-Fe
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obtain parameters for large scale simulations

Experimental observation of chiral magnetic bobbers in B20-type FeGe, 
Zheng et al., Nature Nanotechnology 13, 451 (2018)Micromagnetic simulations

exchange stiffness (A)DM interaction (D)ext. magnetic field (M)dipole interaction (M)
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ØHeisenberg-type interactions
Øhigher-order interactions
Ø relativistic interactions
ØDFT tools
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minimal requirements
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<latexit sha1_base64="0aSLIY0DPHZc+sPuwp/5p8uYICU="></latexit>

A

B

Ø length of magnetic moments 
stable against rotations

Ø independence of JAB from 
magnetic configuration

Ø independence of JAB from 
canting angle j

Ø method to extract energy 
change (e.g. constrained DFT)

Ø well defined magnetization 
directions at sites A and B

<latexit sha1_base64="mhxeos+UuifKms12qaI5CyxM2v8="></latexit>

EH = �JAB(mA ·mB)



HEISENBERG MODEL
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triangular lattice
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a) b)
<latexit sha1_base64="mKlGUPImizz78G7FzaecYwW8JaI=">AAACz3icbVFda9swFFW8ry77aLo97uWydJBSFuwsdHsZFMag9KmFpS1Exsiy7IjKkpHkdsF47HV/Zr9mL3vYfstkO4Wk3QXD4ZxzZc49cSG4sb7/u+fdu//g4aOtx/0nT5893x7svDgzqtSUzagSSl/ExDDBJZtZbgW7KDQjeSzYeXz5qdHPr5g2XMkvdlmwMCeZ5CmnxDoqGhx9hhEmoliQPfgIbwELllpcweg4CmAfjqPJHo wmDk0BU2XgxrsPB058B1jzbGFx3Y8GQ3/stwN3QbACQ7Sak2inp3CiaJkzaakgxswDv7BhRbTlVLC6j0vDCkIvScbmDkqSMxNWbeQa3jgmgVRp90kLLbu+UZHcmGUeO2dO7MLc1hryv1r7UnLF3f8lu6Yqz4lMoMKZjtN6HoQVzmP1tcKxEkmzDbswDGC33vBXWAhSV90xBZFZm2dd17rRu+PpG8N6YJt+CCsui9IySbu8aSnAKmhqhIRrRq1YOkCo5u5kQBdEE2pd2RuBDJFd2qai4HYhd8HZZBwcjKen0+HhZFXWFnqFXqMRCtB7dIiO0AmaIYp+ol/oD/rrnXrX3jfve2f1equdl2hjvB//AJl/3lg=</latexit>

E(↵) = � {(J1 + J2)(2 + 4 cos↵) + 6J3}

<latexit sha1_base64="aoHtEQVF2yoamiB5pEFheS+S40o=">AAAC2nicbVFNa9tAFFyrX6n75bTHXh51Cg6hRlJN2kshUAolp5TWScArzGq1kpesdsXuKokRuvRWeu2f6U/pqdf2X3QlOWAnfSAYzcyTmDdxIbixvv+r5926fefuva37/QcPHz1+Mth+emxUqSmbUiWUPo2JYYJLNrXcCnZaaEbyWLCT+Ox9o5+cM224kl/ssmBRTjLJU06JddR88PkDjDARxYLswjt4BViw1OIKRofzAPbgcP 56F0YTwFQZ6HyODZvX8GptD/adLwSsebawuO7PB0N/7LcDN0GwAkO0mqP5dk/hRNEyZ9JSQYyZBX5ho4poy6lgdR+XhhWEnpGMzRyUJGcmqtr0Nbx0TAKp0u6RFlp2faMiuTHLPHbOnNiFua415H+19kvJOXf/l+yCqjwnMoEKZzpO61kQVTiP1WWFYyWSZht2YBjATr3hr7AQpK66uwoiszbPuq51o3fH01eG9cA2fRtVXBalZZJ2edNSgFXQNAoJ14xasXSAUM3dyYAuiCbUut43Ahkiu7RNRcH1Qm6C43Ac7I8nnybDg3BV1hZ6jl6gEQrQG3SAPqIjNEUU/US/0R/018PeV++b972zer3VzjO0Md6Pf0em4vs=</latexit>

E(↵) = � {(J1 + J3)(4 cos↵+ 2 cos 2↵) + 6J2}

Including interactions up to J3 we obtain
a):

b):
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Ph. Kurz et al., J. Appl. Phys. 87, 6101 (2000) 



HIGHER ORDER INTERACTIONS
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this leads to 

a):

b):

and can stabilize a new ground state
(superposition of 3 states that are
degenerate in the Heisenberg model)

cyclic 4-spin term

<latexit sha1_base64="7WZocysAcPgY7Zvy4Bmjd0AB+BE="></latexit>

E4(↵) = �K1(4 cos 2↵+ 8)
<latexit sha1_base64="654Pyr2TcB5D0fXNyktKVdGkOAQ="></latexit>

E4(↵) = �K1(8 cos 3↵+ 4)

<latexit sha1_base64="BsqPM4hASS6y+Ka7f7ApxxkApPU=">AAADqHicpVLLbtNAFB3XPEp4tIUlmytSpAbUKE4sYINUiU0lNkEiTVHGisbjcTLqPKyZSdvIypqvYQvfwt8wdoJIGlQWXMnS0Tn3+sx9pIXg1nU6P4Od8M7de/d3HzQePnr8ZG//4OmZ1TND2YBqoc15SiwTXLGB406w88IwIlPBhunFh0ofXjJjuVaf3bxgiSQTxXNOifPU+CCA03EM7+EYYvg4jgALlrsRHGFJ3DTNQVYczb SDP0y3ta73tvS4Ba8bcHvcahBvGHS39F4Ljv/LoPcPA/8AwIZPpi5pjPebnXanDtgG0Qo00Sr6fqYaZ5rOJFOOCmLtKOoULimJcZwKtmjgmWUFoRdkwkYeKiKZTcp6lwt46ZkMcm38pxzU7HpFSaS1c5n6zOq59qZWkX/V6j9ll9z7K3ZFtZREZVDiiUnzxShKSixTfV3iVIusqoZDaEZwuNjIL7EQZFHWV4IFUZO6n3XdmEqvZ4fN74T1hl3+Lim5KmaOKbrsN58JcBqq+4SMG0admHtAqOF+ZECnxBDq/BVvNGSJWnZbrSi6uZBtcNZtR2/a8ae4edJdLWsXPUcv0BGK0Ft0gk5RHw0QDb4G34LvwY/wVdgPh+GXZepOsKp5hjYiTH8BJSEY/g==</latexit>

H4 = �4K1 [(m1 ·m2)(m3 ·m4) + (m1 ·m4)(m2 ·m3)� (m1 ·m3)(m2 ·m4)]

3Q state predicted by
Ph. Kurz et al., Phys. Rev. Lett. 86, 1106 (2001)
and confirmed in Mn/Re(0001):
J. Spethmann et al. 

Phys. Rev. Lett. 124, 227203 (2020)



TENSORIAL SPIN INTERACTIONS
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back to bilinear terms

non-relativistic effects

• Interactions between two spins: 

on-site                                                 inter-site                          

scalar         traceless sym.        scalar           traceless sym.    antisymmetric 

Stoner           magnetic           Heisenberg   (pseudo)-dipolar    Dzyaloshinskii
magnetism    anisotropy           interaction      interaction            Moriya int.

[T. Moriya, Phys. Rev. 120, 91 (1960)]

<latexit sha1_base64="8QrDB3ByZekBpd6ti3v3C9ZbNag=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuiG3FVwT6gCWEynbTTTiZhZiKUkK9w46+4caGIW3Hn3zhps6itBwYO59x7597jx4xKZVk/RmlldW19o7xZ2dre2d0z9w/aMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vHHN7nfeSRC0og/qElM3BANOA0oRkpLnnnmhEgN/SANM49CJ+F9IvJZ6V3mpXSUwTl/BD2zatWsKeAysQtSBQWanvnt9COchIQrzJCUPduKlZsioShmJKs4iSQxwmM0ID1NOQqJdNPpWRk80UofBpHQjys4Vec7UhRKOQl9XZkvKRe9XPzP6yUquHJTyuNEEY5nHwUJgyqCeUawTwXBik00QVhQvSvEQyQQVjrJig7BXjx5mbTPa/ZFrX5frzauizjK4Agcg1Ngg0vQALegCVoAgyfwAt7Au/FsvBofxuestGQUPYfgD4yvX7wuoFs=</latexit>

miJ ijmj
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miJijmj
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Antisymmetric parts: Dzyaloshinskii-Moriya Interaction (DMI)

<latexit sha1_base64="z/sSF4htec958evqv5w5oBix0gM="></latexit>

Dij · (mi ⇥mj)

Ø requires spin-orbit interaction

Ø only for certain symmetries 
(Moriya rules) 

Ø stabilizes canted spin-structures
with preferred winding (C)

Ø can lead to chiral spin structures

<latexit sha1_base64="mhxeos+UuifKms12qaI5CyxM2v8="></latexit>

EH = �JAB(mA ·mB)
<latexit sha1_base64="BQn83Ra6FPN9tOF+3iOChJO9TpU="></latexit>

E = EH �DAB · (mA ⇥mB| {z }
C
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DZYALOSHINSKII-MORIYA INTERACTION 
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first-order relativistic effect:

H = �
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Jijmi ·mj +
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E / (SA · �)GA!B(SB · �)GB!A ; GA!B ⇡ G0 + G0HSOCG0
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1
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JABSA · SB

<latexit sha1_base64="MTTZn0E+TbQtXUUHMpoPeD5YfXk="></latexit>

HSOC = Be↵ ·� : EDM / Tr�(SA ·�)(Be↵ ·�)(SB ·�)G0 / Be↵ ·(SA⇥SB)

<latexit sha1_base64="eUAenQaM6MrMXW69zqvSfyHg1QI="></latexit>

D. A. Smith, J. Magn. Magn. Mater. 1, 214 (1976)
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Symmetric parts

Jyy = (          ) – (          )

Jxx = (           ) – (           )
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Ø important for “Kitaev materials” e.g. RuCl3

Ø often suppressed by symmetry constraints
Ø second order in spin-orbit coupling
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• single-particle wavefunction:

• spin density:

• magnetization density: 

• charge density:                                         particle density:

basic magnetic quantities
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von-Barth Hedin formulation

• assume some spin-dependent external potential V

• ground state wavefunction uniquely determined by

• E is stationary w.r.t. variations of         when                                 is conserved.

usually, the diagonal part of                    
some LDA or GGA is used here 

This leads to the following Kohn-Sham equation: 
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DFT TOOLBOX (2)

28 November 2022 Seite 15

constraints

<m>e  α̂ e  α̂

 B    eff
 B    eff

B

B

   xc

  c

<m>
e  α̂

etc.

Ø local magnetic moment at atom a should
point in direction 𝑒̂!

Ø output magnetization 𝑚 deviates usually
from desired direction

Ø introduce constraint in energy functional

Ø determine Bc self-consistently

[Kurz et al., Phys. Rev. B 69 024415 (2004)]
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c · (ê↵hê↵|m↵i)

<latexit sha1_base64="/T4Y9TRwng74G+DUWg4zP9N+hgA="></latexit>

E[n(r),m(r)|ê↵]
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spin-spirals and the generalized Bloch theorem 
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generalized Bloch theorem: add spin rotation: 

when  
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 k(r) = eik·ru(r)

Spin-spirals (w/o SOC)
can be described in 
the chemical unit cell !
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Øspin-stiffness & DMI
Øspin-spirals vs. infinitesimal rotations
Øcomparison to experiment



The general solutions are conical spirals with wavevector q and 
opening angle 𝜗: the magnetization of atom a in unit cell n is:

The energy of these spirals, ESS, and the DMI contribution
to it, EDM, is calculated with DFT (FLAPW, FLEUR code).

EXAMPLE: Co/Pt(111)

28 November 2022 page 18

Exchange and Dzyaloshinskii-Moriya interaction (DMI)

ê↵n =

0

@
cos(q · (Rn + ⌧↵) + ⇣↵) sin(#↵)
sin(q · (Rn + ⌧↵) + ⇣↵) sin(#↵)

cos(#↵)

1

A
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COMPARISON OF FIRST-PRINCIPLES METHODS TO … PHYSICAL REVIEW B 99, 214426 (2019)

FIG. 2. Energy dispersion of spin spirals for a monolayer Co(fcc)
on Pt(111). (a) Nonrelativistic dispersion curves ESS(q) along the
high-symmetry path of the first Brillouin zone. (b) Zoom into the
parabolic region of (a) around the ! point to obtain the spin stiffness.
(c) Spin-orbit induced antisymmetric corrections EDM(q) to the ener-
gies along the high-symmetry path and (d) zoom onto the !M direc-
tion. Full lines represent KKR-derived spin-spiral energies including
all relevant interactions constants Ji j (full calc.), exclude interactions
between Co and Pt (excl. Pt) or consider only the nearest-neighbor
Co interactions (only Co n.n.). Dashed lines indicate the slopes in the
limit q → 0 and represent the (b) spin stiffness and [(c) and (d)] DMI
spiralization. gBT = generalized Bloch theorem, 1 shot SOC = SOC
included in last iteration only. For better comparison, the energies of
coned spin spirals have been scaled by 1/ sin2 θ , where θ is the cone
angle.

(1) We mimic a flat spin spiral [see Eq. (2) with θ = π/2],
i.e., the direction of magnetic moments is given by mi =
(sin(iπ/2), 0, cos(iπ/2))T, where i ∈ {0, 1, 2, 3} labels the

position of the magnetic atom in the supercell. This choice
reproduces the setup of Yang et al. [10] and is shown in
Fig. 1(a).

(2) We extend these states to coned spin spirals [see
Fig. 1(b)], where the direction of moments is given by

mi =




sin(θ ) sin

(
i π

2

)

cos(θ )

sin(θ ) cos
(
i π

2

)



, i ∈ {0, 1, 2, 3}, (10)

where θ is the so-called cone angle. The flat spin spiral is
reproduced for θ = π/2, and all moments point along the y
direction for θ = 0.

In both cases, the lines of ferromagnetically aligned mo-
ments are parallel to the v direction. This corresponds to
spin-spiral states described by q = !M/2 [see Fig. 1(a)].

A nearest-neighbor DMI, Deff , is derived by comparing the
energies of right rotating [defined by Eq. (10)] and left rotating
magnetic structure [which is obtained by replacing i → −i in
Eq. (10)],

$EDMI = Eright−SS − Eleft−SS = 24 Deff sin2 θ . (11)

We note that the parameter Deff implicitly depends on the
choice of θ through the self-consistent charge and spin den-
sities which enter the Kohn-Sham Hamiltonian of DFT. On
the one hand, we expect little modifications of the densities
as compared to the FM state if θ $ 1. This configuration is
very similar to a perturbative calculation in the vicinity of the
FM state. On the other hand, we expect larger changes for
θ = π/2.

Concerning the computational details, a basis-set cutoff of
Kmax = 4.1 a−1

B was chosen, and the Brillouin zone was sam-
pled by 12 × 48 and 3 × 12 k-points for coned and flat spin
spirals, respectively. The spin-orbit interaction was included
self-consistently in these calculations.

III. RESULTS

A. Spin stiffness and Heisenberg exchange

Our main results are displayed in Fig. 2 and summarized
in Table III. Let us first compare the nonrelativistic spin-spiral
dispersion curves in Figs. 2(a) and 2(b): KKR and FLAPW

TABLE III. Coefficients Ji and D1 of the extended Heisenberg model, Eq. (1), the micromagnetic exchange stiffness A and DMI
spiralization D evaluated for a Co thickness of 0.2 nm, and the parameters of the effective nearest-neighbor model, Jeff and Deff . The
FLAPW-gBT results are obtained from fits to the energy dispersion of coned and flat spin spirals. The value for D1 from FLAPW-gBT (flat)
has been published in Ref. [21]. Both stacking positions of Co on the Pt(111) substrate (fcc or hcp) are considered. KKR-values in parentheses
are obtained by an alternative evaluation method, which employs fitting of spin-spiral energies (see text and Ref. [16]). For comparison, KKR
results of Simon et al. [16] (see also Ref. [15]) are included, where a factor 1/2 in Jeff and Deff has been included due to a different definition
of the spin-lattice Hamiltonian.

stacking J1 J2 J3 D1 A D Jeff Deff

position (meV) (meV) (meV) (meV) (pJ/m) (m/m2) (meV) (meV)

KKR Co(fcc) 19.9 1.7 0.4 1.1 40.9 (38.8) 17.6 (14.76) 29.5 (27.9) 1.75 (1.47)
Co(hcp) 20.8 1.5 0.2 1.0

FLAPW-gBT (coned) Co(fcc) 26.0 1.2 0.7 1.2 44.0 14.4 31.7 1.43
Co(hcp) 27.4 0.6 0.4 1.0

FLAPW-gBT (flat) Co(fcc) 27.8 2.5 −0.2 1.8 44.4 14.8 32.0 1.47
Reference [16] Co(fcc) (39.86) (15.11) (27.2) (1.43)
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<latexit sha1_base64="xzBKSksze8STCf9xQCDNh4WtyBs="></latexit>

JA
ij =

0

@
0 1

2 (J
xy
ij � Jyx

ij ) 1
2 (J

xz
ij � Jzx

ij )
� 1

2 (J
xy
ij � Jyx

ij ) 0 1
2 (J

yz
ij � Jzy

ij )
� 1

2 (J
xz
ij � Jzx

ij ) � 1
2 (J

yz
ij � Jzy

ij ) 0

1

A =

0

@
0 Dz

ij �Dy
ij

�Dz
ij 0 Dx

ij

Dy
ij �Dx

ij 0

1

A

<latexit sha1_base64="ejGug2DV+L8sIHm25f+lmp4o9Bw="></latexit>

J
xy
ij =

@
2
H

@xi@yj

<latexit sha1_base64="W3CYXo4B7AKtYBTkJNQgMs34j1k=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWZKQV0Uim6Kqwr2AX0MmTTTps08SDLSYZivceOvuHFREXHnp5hpS9HWA4Fzz7k3yT12wKiQhvGlZTY2t7Z3sru5vf2DwyP9+KQh/JBjUsc+83nLRoIw6pG6pJKRVsAJcm1Gmvb4LvWbT4QL6nuPMgpI10UDjzoUI6kkSy/f9+JJlFgxHSWwDDsORzjuBIhLilivCKvJsoITi8JlEVmjJGfpeaNgzADXibkgebBAzdKnnb6PQ5d4EjMkRNs0AtmN0zsxI0muEwoSIDxGA9JW1EMuEd14tmYCL5TSh47P1fEknKm/J2LkChG5tup0kRyKVS8V//PaoXSuuzH1glASD88fckIGpQ/TzGCfcoIlixRBmFP1V4iHSCUlVbJpCObqyuukUSyYpcLNQylfuV3EkQVn4BxcAhNcgQqoghqoAwyewSuYgnftRXvTPrTPeWtGW8ycgj/Qvn8AzHql+A==</latexit>

e.g.

J
zy
ij = �

✓
@
2
H

@✓i@�j

◆

✓i,j=⇡
2

�i,j=0

, J
yz
ij = �

✓
@
2
H

@�i@✓j

◆

✓i,j=⇡
2

�i,j=0

<latexit sha1_base64="+g7wXNIjZJDEespY6ww5Pumlt2A="></latexit>

Need to calculate total energy change 
due to infinitesimal rotations 𝜙, 𝜃
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to calculate the DMI, e.g. with Korringa-Kohn-Rostoker (KKR) method

Udvardi et al., Phys. Rev. B 68, 104436 (2003)  -- see also Psi-k Highlight No. 78 (2006)

• We can calculate energy changes from changes of the DOS, n(E):

• where t is the scattering path operator: 
• Changes in the scattering matrix are given as:
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e.g. for the x-component of 𝐷:

Staring point is e.g. a ferromagnetic KKR calculation, SOC included in single shot.
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Co/Pt(111) spin-spiral with infinitesimal rotations (KKR), gen. Bloch theorem (gBT) and supercells

COMPARISON OF FIRST-PRINCIPLES METHODS TO … PHYSICAL REVIEW B 99, 214426 (2019)

FIG. 2. Energy dispersion of spin spirals for a monolayer Co(fcc)
on Pt(111). (a) Nonrelativistic dispersion curves ESS(q) along the
high-symmetry path of the first Brillouin zone. (b) Zoom into the
parabolic region of (a) around the ! point to obtain the spin stiffness.
(c) Spin-orbit induced antisymmetric corrections EDM(q) to the ener-
gies along the high-symmetry path and (d) zoom onto the !M direc-
tion. Full lines represent KKR-derived spin-spiral energies including
all relevant interactions constants Ji j (full calc.), exclude interactions
between Co and Pt (excl. Pt) or consider only the nearest-neighbor
Co interactions (only Co n.n.). Dashed lines indicate the slopes in the
limit q → 0 and represent the (b) spin stiffness and [(c) and (d)] DMI
spiralization. gBT = generalized Bloch theorem, 1 shot SOC = SOC
included in last iteration only. For better comparison, the energies of
coned spin spirals have been scaled by 1/ sin2 θ , where θ is the cone
angle.

(1) We mimic a flat spin spiral [see Eq. (2) with θ = π/2],
i.e., the direction of magnetic moments is given by mi =
(sin(iπ/2), 0, cos(iπ/2))T, where i ∈ {0, 1, 2, 3} labels the

position of the magnetic atom in the supercell. This choice
reproduces the setup of Yang et al. [10] and is shown in
Fig. 1(a).

(2) We extend these states to coned spin spirals [see
Fig. 1(b)], where the direction of moments is given by

mi =




sin(θ ) sin

(
i π

2

)

cos(θ )

sin(θ ) cos
(
i π

2

)



, i ∈ {0, 1, 2, 3}, (10)

where θ is the so-called cone angle. The flat spin spiral is
reproduced for θ = π/2, and all moments point along the y
direction for θ = 0.

In both cases, the lines of ferromagnetically aligned mo-
ments are parallel to the v direction. This corresponds to
spin-spiral states described by q = !M/2 [see Fig. 1(a)].

A nearest-neighbor DMI, Deff , is derived by comparing the
energies of right rotating [defined by Eq. (10)] and left rotating
magnetic structure [which is obtained by replacing i → −i in
Eq. (10)],

$EDMI = Eright−SS − Eleft−SS = 24 Deff sin2 θ . (11)

We note that the parameter Deff implicitly depends on the
choice of θ through the self-consistent charge and spin den-
sities which enter the Kohn-Sham Hamiltonian of DFT. On
the one hand, we expect little modifications of the densities
as compared to the FM state if θ $ 1. This configuration is
very similar to a perturbative calculation in the vicinity of the
FM state. On the other hand, we expect larger changes for
θ = π/2.

Concerning the computational details, a basis-set cutoff of
Kmax = 4.1 a−1

B was chosen, and the Brillouin zone was sam-
pled by 12 × 48 and 3 × 12 k-points for coned and flat spin
spirals, respectively. The spin-orbit interaction was included
self-consistently in these calculations.

III. RESULTS

A. Spin stiffness and Heisenberg exchange

Our main results are displayed in Fig. 2 and summarized
in Table III. Let us first compare the nonrelativistic spin-spiral
dispersion curves in Figs. 2(a) and 2(b): KKR and FLAPW

TABLE III. Coefficients Ji and D1 of the extended Heisenberg model, Eq. (1), the micromagnetic exchange stiffness A and DMI
spiralization D evaluated for a Co thickness of 0.2 nm, and the parameters of the effective nearest-neighbor model, Jeff and Deff . The
FLAPW-gBT results are obtained from fits to the energy dispersion of coned and flat spin spirals. The value for D1 from FLAPW-gBT (flat)
has been published in Ref. [21]. Both stacking positions of Co on the Pt(111) substrate (fcc or hcp) are considered. KKR-values in parentheses
are obtained by an alternative evaluation method, which employs fitting of spin-spiral energies (see text and Ref. [16]). For comparison, KKR
results of Simon et al. [16] (see also Ref. [15]) are included, where a factor 1/2 in Jeff and Deff has been included due to a different definition
of the spin-lattice Hamiltonian.

stacking J1 J2 J3 D1 A D Jeff Deff

position (meV) (meV) (meV) (meV) (pJ/m) (m/m2) (meV) (meV)

KKR Co(fcc) 19.9 1.7 0.4 1.1 40.9 (38.8) 17.6 (14.76) 29.5 (27.9) 1.75 (1.47)
Co(hcp) 20.8 1.5 0.2 1.0

FLAPW-gBT (coned) Co(fcc) 26.0 1.2 0.7 1.2 44.0 14.4 31.7 1.43
Co(hcp) 27.4 0.6 0.4 1.0

FLAPW-gBT (flat) Co(fcc) 27.8 2.5 −0.2 1.8 44.4 14.8 32.0 1.47
Reference [16] Co(fcc) (39.86) (15.11) (27.2) (1.43)
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FIG. 2. Energy dispersion of spin spirals for a monolayer Co(fcc)
on Pt(111). (a) Nonrelativistic dispersion curves ESS(q) along the
high-symmetry path of the first Brillouin zone. (b) Zoom into the
parabolic region of (a) around the ! point to obtain the spin stiffness.
(c) Spin-orbit induced antisymmetric corrections EDM(q) to the ener-
gies along the high-symmetry path and (d) zoom onto the !M direc-
tion. Full lines represent KKR-derived spin-spiral energies including
all relevant interactions constants Ji j (full calc.), exclude interactions
between Co and Pt (excl. Pt) or consider only the nearest-neighbor
Co interactions (only Co n.n.). Dashed lines indicate the slopes in the
limit q → 0 and represent the (b) spin stiffness and [(c) and (d)] DMI
spiralization. gBT = generalized Bloch theorem, 1 shot SOC = SOC
included in last iteration only. For better comparison, the energies of
coned spin spirals have been scaled by 1/ sin2 θ , where θ is the cone
angle.

(1) We mimic a flat spin spiral [see Eq. (2) with θ = π/2],
i.e., the direction of magnetic moments is given by mi =
(sin(iπ/2), 0, cos(iπ/2))T, where i ∈ {0, 1, 2, 3} labels the

position of the magnetic atom in the supercell. This choice
reproduces the setup of Yang et al. [10] and is shown in
Fig. 1(a).

(2) We extend these states to coned spin spirals [see
Fig. 1(b)], where the direction of moments is given by

mi =


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

, i ∈ {0, 1, 2, 3}, (10)

where θ is the so-called cone angle. The flat spin spiral is
reproduced for θ = π/2, and all moments point along the y
direction for θ = 0.

In both cases, the lines of ferromagnetically aligned mo-
ments are parallel to the v direction. This corresponds to
spin-spiral states described by q = !M/2 [see Fig. 1(a)].

A nearest-neighbor DMI, Deff , is derived by comparing the
energies of right rotating [defined by Eq. (10)] and left rotating
magnetic structure [which is obtained by replacing i → −i in
Eq. (10)],

$EDMI = Eright−SS − Eleft−SS = 24 Deff sin2 θ . (11)

We note that the parameter Deff implicitly depends on the
choice of θ through the self-consistent charge and spin den-
sities which enter the Kohn-Sham Hamiltonian of DFT. On
the one hand, we expect little modifications of the densities
as compared to the FM state if θ $ 1. This configuration is
very similar to a perturbative calculation in the vicinity of the
FM state. On the other hand, we expect larger changes for
θ = π/2.

Concerning the computational details, a basis-set cutoff of
Kmax = 4.1 a−1

B was chosen, and the Brillouin zone was sam-
pled by 12 × 48 and 3 × 12 k-points for coned and flat spin
spirals, respectively. The spin-orbit interaction was included
self-consistently in these calculations.

III. RESULTS

A. Spin stiffness and Heisenberg exchange

Our main results are displayed in Fig. 2 and summarized
in Table III. Let us first compare the nonrelativistic spin-spiral
dispersion curves in Figs. 2(a) and 2(b): KKR and FLAPW

TABLE III. Coefficients Ji and D1 of the extended Heisenberg model, Eq. (1), the micromagnetic exchange stiffness A and DMI
spiralization D evaluated for a Co thickness of 0.2 nm, and the parameters of the effective nearest-neighbor model, Jeff and Deff . The
FLAPW-gBT results are obtained from fits to the energy dispersion of coned and flat spin spirals. The value for D1 from FLAPW-gBT (flat)
has been published in Ref. [21]. Both stacking positions of Co on the Pt(111) substrate (fcc or hcp) are considered. KKR-values in parentheses
are obtained by an alternative evaluation method, which employs fitting of spin-spiral energies (see text and Ref. [16]). For comparison, KKR
results of Simon et al. [16] (see also Ref. [15]) are included, where a factor 1/2 in Jeff and Deff has been included due to a different definition
of the spin-lattice Hamiltonian.

stacking J1 J2 J3 D1 A D Jeff Deff

position (meV) (meV) (meV) (meV) (pJ/m) (m/m2) (meV) (meV)

KKR Co(fcc) 19.9 1.7 0.4 1.1 40.9 (38.8) 17.6 (14.76) 29.5 (27.9) 1.75 (1.47)
Co(hcp) 20.8 1.5 0.2 1.0

FLAPW-gBT (coned) Co(fcc) 26.0 1.2 0.7 1.2 44.0 14.4 31.7 1.43
Co(hcp) 27.4 0.6 0.4 1.0

FLAPW-gBT (flat) Co(fcc) 27.8 2.5 −0.2 1.8 44.4 14.8 32.0 1.47
Reference [16] Co(fcc) (39.86) (15.11) (27.2) (1.43)
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Ø inf. rotations: determine Jji
matrix and calculate EDM

Ø gBT: calculate EDM and 
extract Jij and Dij (SOC in 
first order perturbation 
theory)

Ø supercell: self-consistent 
SOC for short range spin-
spiral.

Zimmermann et al., 
Phys. Rev. B 99 214426  (2019)
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infinitesimal rotations (KKR), generalized Bloch theorem (gBT) and supercells
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FIG. 2. Energy dispersion of spin spirals for a monolayer Co(fcc)
on Pt(111). (a) Nonrelativistic dispersion curves ESS(q) along the
high-symmetry path of the first Brillouin zone. (b) Zoom into the
parabolic region of (a) around the ! point to obtain the spin stiffness.
(c) Spin-orbit induced antisymmetric corrections EDM(q) to the ener-
gies along the high-symmetry path and (d) zoom onto the !M direc-
tion. Full lines represent KKR-derived spin-spiral energies including
all relevant interactions constants Ji j (full calc.), exclude interactions
between Co and Pt (excl. Pt) or consider only the nearest-neighbor
Co interactions (only Co n.n.). Dashed lines indicate the slopes in the
limit q → 0 and represent the (b) spin stiffness and [(c) and (d)] DMI
spiralization. gBT = generalized Bloch theorem, 1 shot SOC = SOC
included in last iteration only. For better comparison, the energies of
coned spin spirals have been scaled by 1/ sin2 θ , where θ is the cone
angle.

(1) We mimic a flat spin spiral [see Eq. (2) with θ = π/2],
i.e., the direction of magnetic moments is given by mi =
(sin(iπ/2), 0, cos(iπ/2))T, where i ∈ {0, 1, 2, 3} labels the

position of the magnetic atom in the supercell. This choice
reproduces the setup of Yang et al. [10] and is shown in
Fig. 1(a).

(2) We extend these states to coned spin spirals [see
Fig. 1(b)], where the direction of moments is given by

mi =




sin(θ ) sin

(
i π

2

)

cos(θ )

sin(θ ) cos
(
i π

2

)



, i ∈ {0, 1, 2, 3}, (10)

where θ is the so-called cone angle. The flat spin spiral is
reproduced for θ = π/2, and all moments point along the y
direction for θ = 0.

In both cases, the lines of ferromagnetically aligned mo-
ments are parallel to the v direction. This corresponds to
spin-spiral states described by q = !M/2 [see Fig. 1(a)].

A nearest-neighbor DMI, Deff , is derived by comparing the
energies of right rotating [defined by Eq. (10)] and left rotating
magnetic structure [which is obtained by replacing i → −i in
Eq. (10)],

$EDMI = Eright−SS − Eleft−SS = 24 Deff sin2 θ . (11)

We note that the parameter Deff implicitly depends on the
choice of θ through the self-consistent charge and spin den-
sities which enter the Kohn-Sham Hamiltonian of DFT. On
the one hand, we expect little modifications of the densities
as compared to the FM state if θ $ 1. This configuration is
very similar to a perturbative calculation in the vicinity of the
FM state. On the other hand, we expect larger changes for
θ = π/2.

Concerning the computational details, a basis-set cutoff of
Kmax = 4.1 a−1

B was chosen, and the Brillouin zone was sam-
pled by 12 × 48 and 3 × 12 k-points for coned and flat spin
spirals, respectively. The spin-orbit interaction was included
self-consistently in these calculations.

III. RESULTS

A. Spin stiffness and Heisenberg exchange

Our main results are displayed in Fig. 2 and summarized
in Table III. Let us first compare the nonrelativistic spin-spiral
dispersion curves in Figs. 2(a) and 2(b): KKR and FLAPW

TABLE III. Coefficients Ji and D1 of the extended Heisenberg model, Eq. (1), the micromagnetic exchange stiffness A and DMI
spiralization D evaluated for a Co thickness of 0.2 nm, and the parameters of the effective nearest-neighbor model, Jeff and Deff . The
FLAPW-gBT results are obtained from fits to the energy dispersion of coned and flat spin spirals. The value for D1 from FLAPW-gBT (flat)
has been published in Ref. [21]. Both stacking positions of Co on the Pt(111) substrate (fcc or hcp) are considered. KKR-values in parentheses
are obtained by an alternative evaluation method, which employs fitting of spin-spiral energies (see text and Ref. [16]). For comparison, KKR
results of Simon et al. [16] (see also Ref. [15]) are included, where a factor 1/2 in Jeff and Deff has been included due to a different definition
of the spin-lattice Hamiltonian.

stacking J1 J2 J3 D1 A D Jeff Deff

position (meV) (meV) (meV) (meV) (pJ/m) (m/m2) (meV) (meV)

KKR Co(fcc) 19.9 1.7 0.4 1.1 40.9 (38.8) 17.6 (14.76) 29.5 (27.9) 1.75 (1.47)
Co(hcp) 20.8 1.5 0.2 1.0

FLAPW-gBT (coned) Co(fcc) 26.0 1.2 0.7 1.2 44.0 14.4 31.7 1.43
Co(hcp) 27.4 0.6 0.4 1.0

FLAPW-gBT (flat) Co(fcc) 27.8 2.5 −0.2 1.8 44.4 14.8 32.0 1.47
Reference [16] Co(fcc) (39.86) (15.11) (27.2) (1.43)
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FIG. 2. Energy dispersion of spin spirals for a monolayer Co(fcc)
on Pt(111). (a) Nonrelativistic dispersion curves ESS(q) along the
high-symmetry path of the first Brillouin zone. (b) Zoom into the
parabolic region of (a) around the ! point to obtain the spin stiffness.
(c) Spin-orbit induced antisymmetric corrections EDM(q) to the ener-
gies along the high-symmetry path and (d) zoom onto the !M direc-
tion. Full lines represent KKR-derived spin-spiral energies including
all relevant interactions constants Ji j (full calc.), exclude interactions
between Co and Pt (excl. Pt) or consider only the nearest-neighbor
Co interactions (only Co n.n.). Dashed lines indicate the slopes in the
limit q → 0 and represent the (b) spin stiffness and [(c) and (d)] DMI
spiralization. gBT = generalized Bloch theorem, 1 shot SOC = SOC
included in last iteration only. For better comparison, the energies of
coned spin spirals have been scaled by 1/ sin2 θ , where θ is the cone
angle.

(1) We mimic a flat spin spiral [see Eq. (2) with θ = π/2],
i.e., the direction of magnetic moments is given by mi =
(sin(iπ/2), 0, cos(iπ/2))T, where i ∈ {0, 1, 2, 3} labels the

position of the magnetic atom in the supercell. This choice
reproduces the setup of Yang et al. [10] and is shown in
Fig. 1(a).

(2) We extend these states to coned spin spirals [see
Fig. 1(b)], where the direction of moments is given by

mi =




sin(θ ) sin

(
i π

2

)

cos(θ )
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where θ is the so-called cone angle. The flat spin spiral is
reproduced for θ = π/2, and all moments point along the y
direction for θ = 0.

In both cases, the lines of ferromagnetically aligned mo-
ments are parallel to the v direction. This corresponds to
spin-spiral states described by q = !M/2 [see Fig. 1(a)].

A nearest-neighbor DMI, Deff , is derived by comparing the
energies of right rotating [defined by Eq. (10)] and left rotating
magnetic structure [which is obtained by replacing i → −i in
Eq. (10)],

$EDMI = Eright−SS − Eleft−SS = 24 Deff sin2 θ . (11)

We note that the parameter Deff implicitly depends on the
choice of θ through the self-consistent charge and spin den-
sities which enter the Kohn-Sham Hamiltonian of DFT. On
the one hand, we expect little modifications of the densities
as compared to the FM state if θ $ 1. This configuration is
very similar to a perturbative calculation in the vicinity of the
FM state. On the other hand, we expect larger changes for
θ = π/2.

Concerning the computational details, a basis-set cutoff of
Kmax = 4.1 a−1

B was chosen, and the Brillouin zone was sam-
pled by 12 × 48 and 3 × 12 k-points for coned and flat spin
spirals, respectively. The spin-orbit interaction was included
self-consistently in these calculations.

III. RESULTS

A. Spin stiffness and Heisenberg exchange

Our main results are displayed in Fig. 2 and summarized
in Table III. Let us first compare the nonrelativistic spin-spiral
dispersion curves in Figs. 2(a) and 2(b): KKR and FLAPW

TABLE III. Coefficients Ji and D1 of the extended Heisenberg model, Eq. (1), the micromagnetic exchange stiffness A and DMI
spiralization D evaluated for a Co thickness of 0.2 nm, and the parameters of the effective nearest-neighbor model, Jeff and Deff . The
FLAPW-gBT results are obtained from fits to the energy dispersion of coned and flat spin spirals. The value for D1 from FLAPW-gBT (flat)
has been published in Ref. [21]. Both stacking positions of Co on the Pt(111) substrate (fcc or hcp) are considered. KKR-values in parentheses
are obtained by an alternative evaluation method, which employs fitting of spin-spiral energies (see text and Ref. [16]). For comparison, KKR
results of Simon et al. [16] (see also Ref. [15]) are included, where a factor 1/2 in Jeff and Deff has been included due to a different definition
of the spin-lattice Hamiltonian.

stacking J1 J2 J3 D1 A D Jeff Deff

position (meV) (meV) (meV) (meV) (pJ/m) (m/m2) (meV) (meV)

KKR Co(fcc) 19.9 1.7 0.4 1.1 40.9 (38.8) 17.6 (14.76) 29.5 (27.9) 1.75 (1.47)
Co(hcp) 20.8 1.5 0.2 1.0

FLAPW-gBT (coned) Co(fcc) 26.0 1.2 0.7 1.2 44.0 14.4 31.7 1.43
Co(hcp) 27.4 0.6 0.4 1.0

FLAPW-gBT (flat) Co(fcc) 27.8 2.5 −0.2 1.8 44.4 14.8 32.0 1.47
Reference [16] Co(fcc) (39.86) (15.11) (27.2) (1.43)
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TABLE IV. DMI values as extracted from FLAPW supercell
calculations using a coned or flat spin spiral, either treating SOC
self-consistently (scSOC) or including it in the last iteration only
(one-shot SOC). The Co monolayer is in the fcc-stacking position on
the Pt(111) substrate. For comparison, results of Yang et al. [10] (flat
spirals, scSOC, using the plane-wave code VASP) are included, where
a factor 1/2 in Deff has been included due to a different definition of
the spin-lattice Hamiltonian.

D Deff

(m/m2) (meV)

coned scSOC 20.3 2.02
flat scSOC 16.2 1.60

one-shot SOC 21.9 2.18
Reference [10] 19.0 2.17

be captured by the effective model. Similarly, a different slope
between effective model and KKR-derived energy curves
appears near the M point, highlighting the limitations of the
effective model when extrapolating from the low-q region to
arbitrary q vectors.

Next, we discuss the Dzyaloshinskii-Moriya interaction as
determined from supercell calculations and take the effective
model with values as fitted from FLAPW-gBT calculations
as reference. A coned supercell-spiral yields a DM energy
very close to the corresponding FLAPW-gBT calculation at
!M/2 [see Fig. 2(d)]. Despite this good agreement for this
single point (5.7 versus 6.1 meV), the inferred Deff is 40%
higher as compared to the values from fits in the low-q
region of FLAPW-gBT calculations (see Table IV), which
again emphasizes the difficulty of relying on only one data
point. The DMI coefficient of a flat supercell-spiral agrees
surprisingly well with our reference value (1.60 as compared
to 1.43 meV). However, the corresponding energy EDM is
considerably lower than the spin-spiral dispersion of FLAPW-
gBT calculations for this state [see Fig. 2(d)]. We can trace
this discrepancy back to the different treatment of SOC, which
is included self-consistently in the supercell calculations but
only in first-order perturbation theory in the FLAPW-gBT
calculations: if we include SOC in the supercell calculation
by a force-theorem approach, i.e., performing a single it-
eration with SOC on top of a converged scalar-relativistic
calculation and compare the sum of single-particle energies,
the DM energy agrees within 5% with the gBT calculation
(6.5 versus 6.8 meV). Similar findings have been reported
for freestanding Fe/Ir bilayers [54]. The energies of Yang
et al. [10] (taking their values from Co(1)/Pt(3), where the
number in parentheses denotes the number of atomic layers)
are 35% higher than our corresponding supercell calculation
(compare 2.17 to 1.60 meV), probably due to the different
number of substrate layers and different relaxations of atomic
positions, and about 50% higher as our reference value from
the low-q regime. The good agreement between the value of
Ref. [10] and our one-shot SOC supercell calculation (see
Table IV) is due to an accidental cancellation of errors. Note
that the authors of Ref. [10] used a different magnetic volume
(corresponding to the volume an atom in fcc-Pt) for the con-
version between D and Deff [cf. Eq. (9)], which leads to a
different ratio of Deff/D as compared to us.
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FIG. 4. Calculation of the critical temperature of Co/Pt(111) for
the different parametrization of the extended Heisenberg Hamil-
tonian from Monte Carlo simulations. (a) Averaged total energy,
(b) magnetization, (c) specific heat, and (d) magnetization suscep-
tibility as a function of temperature.

C. Discussion

Overall, our results emphasize the compatibility of the
FLAPW-gBT and KKR methods in the relevant micromag-
netic limit, as well as the flexibility of the generalized Bloch
theorem approach as it can access states beyond the micro-
magnetic limit more realistically through self-consistent cal-
culations. Our findings regarding the DMI for the present case
of a Co monolayer on Pt(111) are in satisfactory agreement to
previous studies on this system [10,16,20].

Comparing our value for the spin stiffness to the literature,
it is considerably higher than most of the experimentally
determined values for Co: for bulk-Co a stiffness of about
15 pJ/m (fcc) and 30 pJ/m (hcp-Co) is measured by various
methods [55], a value of 21 pJ/m was measured for 10 nm
thick Co-films [56], and even smaller stiffnesses as low as 14
pJ/m are reported for ultrathin Co films down to thicknesses
of 0.5 nm. The reported spin stiffness by Boulle et al. [12] rep-
resents an exception to this trend, as they determine 27.5 pJ/m
for Co thicknesses below 1 nm. Still, our results are nearly
50% higher than this value, and they are in line with previous
DFT calculations on a Co monolayer on Pt(111) [15,16].

One possibility for the discrepancy between experiment
and theory might arise from the fact that experiments are
necessarily performed at finite temperatures, whereas the
ab initio calculations neglect any spin fluctuations. In the
simplest approximation, the spin stiffness A and DMI spiral-
ization D are renormalized by (M(T )/M0)2, where M(T ) is
the temperature-dependent magnetization and M0 the satura-
tion magnetization [57]. Inserting the values for M(T )/M0
at T = 300 K as deduced from Monte Carlo simulations
[see Appendix A and Fig. 4(b)], we arrive at a renormaliza-
tion factor of 0.67 and a room-temperature spin stiffness of
29.7 pJ/m (using results based on parameters from FLAPW-
gBT calculations), which is in much better agreement with the
experimentally determined spin-stiffnesses.

The critical temperature at which the magnetization
vanishes, Tc, was also extracted from the Monte Carlo
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[10] Yang et al., Phys. Rev. Lett. 115, 267210 (2015)

Ø consistent values obtained by different DFT codes

Ø higher Deff (compared to left column) due to
nearest-neighbor model

Ø significant effects from self-consistency in SOC

[16] Simon, et al., Phys. Rev. B 97, 134405 (2018)

Ø fitting E(q) and extrapolating to  q=0 [values in 
parenthesis] gives consistent Deff.

Ø 10% difference in the spin-stiffness might be
due to higher-order interactions.

comparison with another KKR calculation                   and with another supercell calculation
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A Ref.
30 pJ/m (bulk hcp Co) K. Hüller, J. Magn. Magn. Mater. 61, 347 (1986) 

21 pJ/m (10 nm Co film) C. Eyrich et al., J. Appl. Phys. 111, 07C919 (2012)

27.5 pJ/m (< 1nm Co film) O. Boulle et al., Nat. Nanotechnol. 11, 449 (2016)

41-44 pJ/m (1 ML Co/Pt(111),
DFT 

calculations)

B. Zimmermann et al., Phys. Rev. B 99 214426 (2019)

finite temperature renormalization by [m(T)/m(T=0)]2 gives a theoretical result of 29.7 pJ/m  
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numerical (e.g. truncation) or methodological (different models)

Ø geometrical (lattice parameters, relaxation etc.)

Ø cutoffs (k-point sampling, Fermi broadening, basis set)

Ø exchange correlation functional (LDA, GGA, hybrid functionals, …)

Ø method (spin-spirals, infinitesimal rotations, Berry phase, spin current / susc.)

Ø initial magnetic configuration (ferromagnet, DLM state…)

Ø mapping on spin model (# nearest neighbors, types of interactions)
Ø …
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Øbiquadratic interactions
Ø3-site 4-spin interactions
Øchiral-chiral and spin-chiral interactions
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nonrelativistic spin Hamiltonian:

2 sites, 1 orbital, S= ½ : 
downfolding

spin Hamiltonian
H4o = �4t2

U2
H2o
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Heisenberg model

4 sites, S= ½ :

terms like  c†4,#c
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4-spin interaction
Model Hamiltonian:

H = �
X

ij

0
JijSi · Sj �

X

ijkl

0
Kijkl [(Si · Sj)(Sk · Sl) + (Sj · Sk)(Sl · Si)� (Si · Sk)(Sj · Sl)] + ...

<latexit sha1_base64="o388ls8CU6gXdsiq2NvaM3AGajg="></latexit><latexit sha1_base64="o388ls8CU6gXdsiq2NvaM3AGajg="></latexit><latexit sha1_base64="o388ls8CU6gXdsiq2NvaM3AGajg="></latexit><latexit sha1_base64="o388ls8CU6gXdsiq2NvaM3AGajg="></latexit>

<latexit sha1_base64="467iAPOYe1hBzOIgDB8sfJ1+hL4="></latexit>

H = �
X

i<j,�

tij(c
†
i,�cj,� + h.c.) +

X

i

Uini,"ni,# + . . .

<latexit sha1_base64="S2+mJHLcC7tD2fbuphsFgVXuMW0="></latexit>

4t2

U

X

i 6=j

c†i,"ci,#c
†
j,#cj," � ni,"nj,#

<latexit sha1_base64="Qq/9O0+h4qJ20/1MCIHf39d0Q90="></latexit>

H2o =
4t2

U

X

i<j

(Si · Sj �
ninj

4
)



SPIN INTERACTIONS FOR S > ½

28 November 2022 page 29

Hubbard model, downfolding, 4th order perturbation theory

c†2,2,#c
†
2,1,"c

†
1,2,"c

†
1,1,#c1,1,"c1,2,#c2,1,#c2,2,"
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2 sites, 2 orbitals, S=1: 
terms like

spin Hamiltonian

… biquadratic interaction
H4o = � 20t4

(U + JH)3

X

ij

(Si · Sj �
ninj

4
)2
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3-site 4-spin interaction
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Hoffmann and Blügel, Phys. Rev. B 101, 024418 (2020) 
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extracting Jijs from spin-spiral calculations
E(q) = �S2 (2J2 + 2J6

+ cos(⇡q) [4J1 + 4J5]
+ cos(2⇡q) [2J1 + 4J3]
+ cos(3⇡q) [4J2 + 4J5]
+ cos(4⇡q) [2J3 + 4J4]
+...)

<latexit sha1_base64="0xBLBzaYcqc98DZl36+P6lAQXSs="></latexit>

fit along G-K line (meV)

J1 J2 J3 J4 J5
MBT -1.56 -0.03 -0.35 0.03 0.04

MBS -1.39 -0.05 -0.26 0.04 0.06

MST -1.79 -0.10 -0.21 0.02 0.06



E(q) = �S2 (2J2 + 2J6
+ cos(⇡q) [4J1 + 4J5]
+ cos(2⇡q)

⇥
2J1 + 2(2J3 + S2B1)

⇤

+ cos(3⇡q) [4J2 + 4J5]
+ cos(4⇡q)

⇥
2J3 + S2B1 + 4J4

⇤

+...)
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extracting Jijs from spin-spiral calculations

fit along G-K line (meV)

J1 J2 J3 J4 J5
MBT -1.56 -0.03 -0.35 0.03 0.04

MBS -1.39 -0.05 -0.26 0.04 0.06

MST -1.79 -0.10 -0.21 0.02 0.06

J3+B1/2
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determining higher-order interactions

superpositions of spin-spirals (1Q) lead to multi-Q states that are degenerate in the Heisenberg model:

E2Q � E1Q = �4S4(2K1 �B1) Q = �M/2
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E3Q � E1Q = �16

3
S4(2K1 +B1) Q = M
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S4K1 = �0.04 meV S4B1 = �0.36 meV
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M.Otrokov et al., Phys. Rev. Lett. 122,107202 (2019)
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magnetic ground state determined by higher-order interactions

A. Al-Zubi et al., Phys. Status Solidi B 248, 2242 (2011)

E2Q � E1Q = �4S4(2K1 �B1)
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E2Q � E1Q = �4S4(2K1 �B1)
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and biquadratic term determine the ground state in Fe/Rh(111)

E
2Q,M2

� EM
2
= 4(2K1 �B1 � Y1)

E
2Q, 3K4

� E 3K
4

= 4(2K1 �B1 + Y1)
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H3 = �2
X

<ijk>

Yijk [(Si · Sj)(Sj · Sk) + (Sj · Sk)(Sk · Si) + (Sk · Si)(Si · Sj)]
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B1 3.39 meV

Y1 4.00 meV

K1 0.07 meV

(b)$(a)$

(c)$

FIG. 1. (Color online) Magnetic order of the 2Q spin spirals with (a) q = M/2 and (b) q = 3K/4.

In the green shaded triangles, the 4-spin–3-site interaction contributes by an energy of �6Y1, in the

grey shaded triangles by +2Y1, where Y1 is the strength of the interaction in the nearest neighbor

approximation, see Eqs. (2) and (3). Unit cells are indicated by thin lines. The Brillouin zone is

shown in (c).

STM experiments were performed in two ultra-high vacuum (UHV) systems with base

pressures p  2 ⇥ 10�10mbar. Clean Rh(111) was prepared similar to Rh(001) [16, 17]. Fe

films were deposited from e-beam evaporators at p < 3 ⇥ 10�10mbar with the substrate

held at TS = (500± 10)K. We used two home-built low-temperature scanning tunneling

microscopes (STM) (T ⇡ 5K), one of which is equipped with a superconducting magnet

with a maximal magnetic field µ0H = 3T oriented along the sample’s surface normal. Topo-

graphic images were obtained in the constant-current mode with the bias voltage U applied

to the sample. We used electro-chemically etched W tips which were flashed by electron

bombardment and gently dipped into the Fe/Rh(111) surface for SP-STM experiments [18].

Figure 2(a) shows an overview image (1µm ⇥ 0.6µm) of 1.3AL Fe film on Rh(111).

Monolayer (ML) and double-layer (DL) regions of the Fe film are labeled correspondingly.

Whereas the ML appears to be flat on the scale of this image, various dislocations structures

can be recognized on the DL which are strikingly similar to previous observations for Fe DL

films grown on Ir(111) [19]. Since we will exclusively focus on the ML here, details of the

DL are irrelevant and will not be discussed any further here.

At higher magnification it becomes obvious that constant-current SP-STM images taken

on ML regions of Fe/Rh(111) are not featureless but exhibit stripes [see Fig. 2(b)], which are

4

Krönlein et al., Phys. Rev. Lett. 120, 207202 (2018) 
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determine higher order interactions selecting special spin configurations

H = �
X

ij

0
JijSi · Sj �

X

ijkl

0
Kijkl [(Si · Sj)(Sk · Sl) + (Sj · Sk)(Sl · Si)� (Si · Sk)(Sj · Sl)] + ...
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varying q and f gives no contribution from 
Heisenberg terms

Grytsiuk et al., Nature Commun. 11, 511 (2020)

FeGe MnGe
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in non-collinear magnetic structures

dos Santos Dias et al., Nature Commun. 7, 13613 (2016)

non-coplanar spin structures with finite chirality:

gives rise to an emergent magnetic field:

in the direction normal to the triangle <i,j,k>.

This leads to a topological orbital moment:

proportional to the orbital susceptibility, kTO

�ijk = Si · (Sj ⇥ Sk)

<latexit sha1_base64="NRcJ/N0MYbB8z4QMhnuhzFO74Uc="></latexit>

LTO
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ijk �ijk ⌧ ijk
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Be↵ / �ijk ⌧ ijk
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chiral-chiral and spin-chiral interactions

Chiral-chiral (CC) interaction between Beff and LTO

located at the same triangle:

Spin-chiral (SC) interaction between LTO and S:

is a relativistic (spin-orbit coupling) effect.

ECC = �1

2

X

ihjki

CC
ijk �

2
ijk = �1

2

X

ihjki

CC
ijk (Si · (Sj ⇥ Sk))

2
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The SC interaction can account for effects 

ascribed to the DMI, but is intrinsically related

to 3-D spin structures (like in MnGe).

f=45o
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Ø DFT calculations can be converged to consistent results for 

exchange constants (comparison to experiment might need corrections) 

Ø Selection of the spin-model is crucial (Heisenberg and DMI are just spin ½ 

models, usually higher orders are important)

Ø Higher order interactions can lead to new ground states and influence excited 

states (finite T)

Ø Chiral interactions open new possibilities to realize 

3-dimensionally modulated magnetic structures. Rybakov et al., 
preprint (2019)
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