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Quantum Hall effects (QHE) in 2D materials

C.-Z. Chang & M. Li, J. Phys.: Condens. Matter 28 123002 (2016)

with quantum anomalous Hall effect (QAHE) and quantum spin Hall effect (QSHE)

SOC

common features:

Ø Two-dimensional insulating “bulk”

Ø Magnetic fields (external, internal, SOC)

Ø Dissipationless edge currents (charge or spin)
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Topological phase transitions
normal insulator (NI) to topological insulator (TI) transition:

NI (Cs=0)                      metal                       TI (Cs=1)

driving parameter: spin-orbit coupling strength, strain, …
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band-inversion in Sb2Te3
surface without SOC                 and with SOC: 

§red/blue: spin-polarization at surface, black: “bulk”
cf. Sánchez-Barriga et al., Phys. Rev. B 98 235110 (2018)
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Berry curvature & Chern numbers

Integer Chern number and Quantum Hall effect 
(Thouless et al. 1982)

QSHE: consider separately spin-up and spin-down:

Spin Chern Number 

calculate with DFT:

n,	 𝑚 ≠ 𝑛
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Topological phase transitions (2)
topological insulator (TI) in magnetic field (B):

TI (C=0)                         metal                            ?

driving parameter: magnetic field (strength, direction)     

E(k)

k
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Chern Insulator (C=-2)Chern Insulator (C=+1)
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Topological phase transitions (2)
topological insulator (TI) in magnetic field (B):

TI (C=0)                         metal                            ?

driving parameter: magnetic field (strength, direction)     

E(k)

k

E(k)

k

E(k)

k

Chern Insulator (C=-2)Chern Insulator (C=+1)

E(k)

k

semimetal

or
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2D TIs in magnetic fields:

QSH – QAH transition
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Buckled honeycomb lattice:  Bi(111) bilayer

S. Murakami, Phys. Rev. Lett. 97, 236805 (2006)
Yu. M. Koroteev et al., Phys. Rev. B 77, 045428 (2008)
M. Wada et al.,  Phys. Rev. B 83, 121310 (2011) 

Band structure of Bi(111) bilayer: ℤ2=1; 2D TI

w/o SOC

with SOC
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Edge states of a Bi-bilayer nanoribbon:

Zig-zag edge: coexistence of dangling bond + 
“topological edge state”
cf. Jeong et al., Phys. Rev. B 98 075402 (2018)

Bi:

/a
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2D TI in magnetic (exchange) field

hot loopH. Zhang et al., Phys. Rev. Lett. 106, 117202 (2011)

Z2 ⇥ C" � C#

Exchange of spin Chern number along the hot loops

C � C" + C#
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Evolution of Bi(111) film bandstructure

è huge magnetic fields required 
(0.2 eV = 3454 T/µB)
… use exchange fields

H. Zhang et al., Phys. Rev. B 86, 035104 (2012)
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Evolution of Bi(111) film bandstructure

è huge magnetic fields required 
(0.2 eV = 3454 T/µB)
… use exchange fields

H. Zhang et al., Phys. Rev. B 86, 035104 (2012)
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Evolution of Bi(111) film bandstructure

è huge magnetic fields required 
(0.2 eV = 3454 T/µB)
… use exchange fields

H. Zhang et al., Phys. Rev. B 86, 035104 (2012)
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Evolution of Bi(111) film bandstructure

è huge magnetic fields required 
(0.2 eV = 3454 T/µB)
… use exchange fields

H. Zhang et al., Phys. Rev. B 86, 035104 (2012)
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(e
V)

Phase Diagram with varying SOC stength

Bi(111) bilayer

Trivial Insulator
TRB TI

Metal

Metal

TI

C = +1

C
=
�

2

Tune the phase

Tune the Chern number
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Scaling SOC in Sb(111) BL

H. Zhang, F. Freimuth, G. Bihlmayer,
M. Lezaic, S. Blügel, and Y. Mokrosuov,
Phys. Rev. B 87, 205132 (2013)

Metal

C = +1

C
=
�

2

C = �1

Trivial Insulator

B(
eV

)

(Sb)
(Bi)

C = -1: edge state
propagates oppositely to 
C = +1 (cf. Bi(111) BL)

Sb(111) bilayer, B = 0



28. November 2022 Slide 19

Introducing exchange splittings by
chemical modification
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H-decorated Bi(111)

Crystal structure of H-Bi(111)

Top

Side

single-crystal Bi

4.54 Å

from :
C. Niu, et al., Phys. Rev. B 91, 041303(R) (2015)
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Band structure for H-Bi(111) 

without SOC
gapless, graphene-like band 

crossing at K (but px,py)

with SOC
n=1; indirect band gap of 1.01 eV 

SSS, PzPx, Py
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Edge states of H-Bi(111)
Zigzag Armchair

Edge states demonstrate 2D TI character
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Ferromagnetism in half H-decorated Bi(111)

Crystal structure of half
H-decorated Bi(111)

Spin density distribution

Spin-polarization is mainly carried by 
pz states of the unhydrogenated Bi

Magnetic moment is 1.0μB with 
out-of-plane spin orientation 
∆E = EAFM−EFM = 21.79 meV

top

side

C. Niu et al., Phys. Rev. B 91, 041303(R) (2015)
see also: C.-C. Liu et al., Phys. Rev. B 91, 165430 (2015)
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Valley-polarized QAH states 

Band structures 

Insulating, magnetic ground state 

A
nom

alous H
all 

conductivity

Quantum anomalous Hall effect
C = 1  

B
erry curvature
distribution

CK = 1   CK′ = 0

Quantum-valley Hall effect 
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Valley-polarized QAH states 

Band structures 

Insulating, magnetic ground state 

CK = 1   CK′ = 0

Quantum-valley Hall effect 

Quantum anomalous Hall effect
C = 1  

Edge states 
A

nom
alous H

all 
conductivity
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2D Topological Crystalline Insulators:

TCI-QAHI transitions
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Teo, Fu & Kane PRB 78 045426 (2008):
Surface states of BixSb1-x along ΓM

Mirror operation: 

Spin rotation matrix:

Mirror eigenvalues: M ±S = ±i ±S

TIs and mirror Chern numbers

Sn
M

Γ
y

x
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Berry curvature & Chern numbers

Consider separately the +i and –i sector: Mirror Chern Number

n+i =
1

2⇡

Z
⌦+i

z (k)dk

n�i =
1

2⇡

Z
⌦�i

z (k)dk

𝑛,𝑚 ≠ 𝑛

nM =
1

2
(n+i � n�i)

determines connectivity 
of edge states in TIs:



28. November 2022 Slide 29

Topological Crystalline Insulators 

L. Fu [PRL 106, 106802 (2011)] : 
Systems with finite mirror Chern number possess gapless surface 

states even if they are no TIs!  

Example: SnTe:

Hsieh et al.,
Nature Comms. 
3, 982 (2012)

consider 
one layer (2D) 
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2D topological crystalline insulator (TCI)

C. Niu, et al., Phys. Rev. B 91, 201401(R) (2015) 

Berry
curvature

Two pairs of
gapless edge
states
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Out of plane exchange field:
QAH phase

In-plane exchange field: Gap
QAH phase robust to the
direction magnetization of 
adatoms or the substrate

2D TCI – QAHE transition

?
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Other example: TlSe monolayer 6

FIG. 4. Electronic properties of mixed topological semimetals.
(a) Spin-resolved band structure and (b) energy dispersion of a fi-
nite ribbon, where the localization at the edge is indicated by col-
ors ranging from blue (weak) to red (strong), of the TlSe mono-
layer with an in-plane exchange field of magnitude B = 0.5 eV.
(c) Around the X point, for example, the emergence of nodal points
with opposite topological charge (red and blue balls) for reversed in-
plane directions ✓ of the magnetization imprints characteristic fea-
tures on the phase-space distribution of the Berry curvature field
⌦ = (�⌦m̂k

yy ,⌦m̂k
yx ,⌦kk

xy ) as indicated by the arrows. A logarithmic
color scale from blue (negative) to red (positive) is used to illustrate
the mixed Berry curvature ⌦m̂k

yx in the complex phase space of k and
✓. (d) Spin-resolved band structure of one-layer Na3Bi with an ex-
change field of magnitude B = 0.5 eV applied perpendicular to the
film. Owing to the mirror symmetry of the system, the band cross-
ings around � form a mixed nodal line in momentum space, which
disperses as illustrated in the inset, where colors indicate energy dif-
ferences between the crossing points and the Fermi level in meV.

ogy to the discussed planar model, we classify these objects as
type-(i) nodal points since their emergence is enforced by the
symmorphic symmetry T ⌦M, contrary to the Dirac points
in 2D Dirac semimetals that are protected by non-symmorphic
symmetries26.

Another major consequence of the non-trivial mixed topol-
ogy is the existence of exotic boundary solutions in finite rib-
bons of TlSe. For 1D TlSe, two gapless nodes around X(Y)
may be projected into one or two points depending on the di-
rection of the ribbon. Taking the latter case of two projected
points as an example, we compute the density of states at the
edge of the ribbon, and present it in Fig. 4b. Similarly to 3D
Weyl semimetals, there are no boundary states at the projected
points of mixed Weyl points. On the other hand, one can
clearly see the edge states around the �̄ and Ȳ points, arising
as a result of the complex topology, and presenting a limiting
case of the edge states which accompany the Chern insulator
phases for ✓ infinitesimally close to 90�.

Breaking the underlying T ⌦M symmetry, e.g., by buck-
ling of the lattice (see Supplementary Note 2), splits the four

nodal points in TlSe, which originally appeared at ✓ = 90�,
into two distinct groups that manifest for generic magnetiza-
tion directions. To elucidate this transition more clearly, we
consider the case of monolayers Na3Bi and GaBi, where this
symmetry is absent. As visible from the phase diagrams pre-
sented in Fig. 3(b,c), the single Weyl points in these systems
emerge at the boundaries between the T -broken quantum spin
Hall phase and Chern insulator phases with different Chern
numbers. Analogously to TlSe, we identify the mixed topo-
logical charge of such points to be Q = ±1, depending on
the position in (k, ✓)-space. However, in contrast to TlSe,
for which both the number as well as the position of mixed
Weyl points is determined by symmetry, the single mixed
Weyl point in Na3Bi and GaBi appears for a given generic
direction of the magnetization, and we thus classify them as
generic mixed Weyl points of type-(ii).

From mixed Weyl points to mixed nodal lines. In reality, it
can occur that the mixed Weyl point is realized accidentally
for a range of ✓ in the 2D ferromagnet, as it is for example
the case of TlSe at a fixed value of exchange field of about
0.29 eV, see Fig. 3a. In the spirit of Fig. 1d, this presents a case
of a truly mixed nodal line in that it is a 1D manifold of states
of a given system which evolves not only in k-space but also in
✓. The non-trivial topological character of such a line is again
reflected in the non-trivial Berry phase that can be computed
as a line integral of the Berry connection along a path in k-
space which encloses the corresponding point that the mixed
nodal line pinches in the BZ at a given ✓, see Fig. 1d. The
occurrence of such mixed nodal lines is purely accidental and
it does not rely on the symmetries in the system, while per-
turbing the system (i.e. by changing the magnitude of B) may
result in the mixed nodal line’s destruction (as it is the case
e.g. for TlSe), as we discuss below. Owing to the subtle in-
terplay of exchange interactions and relativistic effects which
underlies their emergence, the realization of such mixed nodal
lines in real materials sets an exciting challenge, where 2D
magnets are advantageous for semimetallic states that are ro-
bust against variations of the magnetization direction.

Another distinct type of a mixed nodal line is the 1D nodal
line which evolves in k-space for a fixed direction of the mag-
netization, see Fig. 1c, similarly to the nodal-line semimet-
als which exhibit nodal lines in high-symmetry planes cor-
responding to the crystalline mirror symmetry17–21. While
the M symmetry is broken by an in-plane exchange field,
it survives when m̂ is perpendicular to the film plane. As
shown in Fig. 3b, the energy gap remains closed in Na3Bi with
✓ = 0� above the critical magnitude Bc. To gain insights into
the topological properties in this case, we take B = 0.5 eV
and present the spin-resolved band structure of the system in
Fig. 4d. In absence of inversion and time-reversal symme-
tries, all bands are generically non-degenerate. Taking into
account the mirror symmetry M, bands in the xy-plane can
be marked by mirror eigenvalues ±i, and those with oppo-
site mirror eigenvalues can cross each other without opening
a gap. As the highest occupied and lowest unoccupied bands
in Na3Bi cross each other around the � point, a nodal line is
formed as shown in the inset of Fig. 4d.

in-plane field
B|| = 0.5 eV
nodal points

X              M

G                Y



28. November 2022 Slide 33

Mixed topological semimetals:

Weyl points and nodal lines in (B,k) space
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Berry curvature & Chern numbers

Quantity in (x,y), include direction of B-field to 
expand space by q,j:

⌦m̂k
✓i = 2Im

occX

n

⌦
@✓u

✓
kn|@kiu

✓
kn

↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

m̂

kx

© Y.Mokrousov

Define new topological charge:

⌦ =
�
�⌦m̂k

✓y ,⌦m̂k
✓x ,⌦kk

xy

�

Z =
1

2⇡

Z

S
⌦ · dS
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Hanke et al., Nat. Comm. 8, 1479 (2017)
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Nodal lines and points in (B,k)-space

Ø anti-damping SO-torque mediated 
by mixed phase-space topology

⌧ij ⇠ 2Im
X

n

êi ·
⌧
@ukn
@m̂

����
@ukn
@kj

�

Freimuth, et al.,  Phys. Rev. B  ’13 – ’17,
J. Phys.: Cond. Matter 26, 104202 (2014), 
Hanke et al., Nat. Comm. 8, 1479 (2017)

mixed Chern number 
characterizes
nodal points and lines in 
(k||,q) space
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6

FIG. 4. Electronic properties of mixed topological semimetals.
(a) Spin-resolved band structure and (b) energy dispersion of a fi-
nite ribbon, where the localization at the edge is indicated by col-
ors ranging from blue (weak) to red (strong), of the TlSe mono-
layer with an in-plane exchange field of magnitude B = 0.5 eV.
(c) Around the X point, for example, the emergence of nodal points
with opposite topological charge (red and blue balls) for reversed in-
plane directions ✓ of the magnetization imprints characteristic fea-
tures on the phase-space distribution of the Berry curvature field
⌦ = (�⌦m̂k

yy ,⌦m̂k
yx ,⌦kk

xy ) as indicated by the arrows. A logarithmic
color scale from blue (negative) to red (positive) is used to illustrate
the mixed Berry curvature ⌦m̂k

yx in the complex phase space of k and
✓. (d) Spin-resolved band structure of one-layer Na3Bi with an ex-
change field of magnitude B = 0.5 eV applied perpendicular to the
film. Owing to the mirror symmetry of the system, the band cross-
ings around � form a mixed nodal line in momentum space, which
disperses as illustrated in the inset, where colors indicate energy dif-
ferences between the crossing points and the Fermi level in meV.

ogy to the discussed planar model, we classify these objects as
type-(i) nodal points since their emergence is enforced by the
symmorphic symmetry T ⌦M, contrary to the Dirac points
in 2D Dirac semimetals that are protected by non-symmorphic
symmetries26.

Another major consequence of the non-trivial mixed topol-
ogy is the existence of exotic boundary solutions in finite rib-
bons of TlSe. For 1D TlSe, two gapless nodes around X(Y)
may be projected into one or two points depending on the di-
rection of the ribbon. Taking the latter case of two projected
points as an example, we compute the density of states at the
edge of the ribbon, and present it in Fig. 4b. Similarly to 3D
Weyl semimetals, there are no boundary states at the projected
points of mixed Weyl points. On the other hand, one can
clearly see the edge states around the �̄ and Ȳ points, arising
as a result of the complex topology, and presenting a limiting
case of the edge states which accompany the Chern insulator
phases for ✓ infinitesimally close to 90�.

Breaking the underlying T ⌦M symmetry, e.g., by buck-
ling of the lattice (see Supplementary Note 2), splits the four

nodal points in TlSe, which originally appeared at ✓ = 90�,
into two distinct groups that manifest for generic magnetiza-
tion directions. To elucidate this transition more clearly, we
consider the case of monolayers Na3Bi and GaBi, where this
symmetry is absent. As visible from the phase diagrams pre-
sented in Fig. 3(b,c), the single Weyl points in these systems
emerge at the boundaries between the T -broken quantum spin
Hall phase and Chern insulator phases with different Chern
numbers. Analogously to TlSe, we identify the mixed topo-
logical charge of such points to be Q = ±1, depending on
the position in (k, ✓)-space. However, in contrast to TlSe,
for which both the number as well as the position of mixed
Weyl points is determined by symmetry, the single mixed
Weyl point in Na3Bi and GaBi appears for a given generic
direction of the magnetization, and we thus classify them as
generic mixed Weyl points of type-(ii).

From mixed Weyl points to mixed nodal lines. In reality, it
can occur that the mixed Weyl point is realized accidentally
for a range of ✓ in the 2D ferromagnet, as it is for example
the case of TlSe at a fixed value of exchange field of about
0.29 eV, see Fig. 3a. In the spirit of Fig. 1d, this presents a case
of a truly mixed nodal line in that it is a 1D manifold of states
of a given system which evolves not only in k-space but also in
✓. The non-trivial topological character of such a line is again
reflected in the non-trivial Berry phase that can be computed
as a line integral of the Berry connection along a path in k-
space which encloses the corresponding point that the mixed
nodal line pinches in the BZ at a given ✓, see Fig. 1d. The
occurrence of such mixed nodal lines is purely accidental and
it does not rely on the symmetries in the system, while per-
turbing the system (i.e. by changing the magnitude of B) may
result in the mixed nodal line’s destruction (as it is the case
e.g. for TlSe), as we discuss below. Owing to the subtle in-
terplay of exchange interactions and relativistic effects which
underlies their emergence, the realization of such mixed nodal
lines in real materials sets an exciting challenge, where 2D
magnets are advantageous for semimetallic states that are ro-
bust against variations of the magnetization direction.

Another distinct type of a mixed nodal line is the 1D nodal
line which evolves in k-space for a fixed direction of the mag-
netization, see Fig. 1c, similarly to the nodal-line semimet-
als which exhibit nodal lines in high-symmetry planes cor-
responding to the crystalline mirror symmetry17–21. While
the M symmetry is broken by an in-plane exchange field,
it survives when m̂ is perpendicular to the film plane. As
shown in Fig. 3b, the energy gap remains closed in Na3Bi with
✓ = 0� above the critical magnitude Bc. To gain insights into
the topological properties in this case, we take B = 0.5 eV
and present the spin-resolved band structure of the system in
Fig. 4d. In absence of inversion and time-reversal symme-
tries, all bands are generically non-degenerate. Taking into
account the mirror symmetry M, bands in the xy-plane can
be marked by mirror eigenvalues ±i, and those with oppo-
site mirror eigenvalues can cross each other without opening
a gap. As the highest occupied and lowest unoccupied bands
in Na3Bi cross each other around the � point, a nodal line is
formed as shown in the inset of Fig. 4d.

Fermi arcs between 
the nodal points

Example: TlSe monolayer 6

FIG. 4. Electronic properties of mixed topological semimetals.
(a) Spin-resolved band structure and (b) energy dispersion of a fi-
nite ribbon, where the localization at the edge is indicated by col-
ors ranging from blue (weak) to red (strong), of the TlSe mono-
layer with an in-plane exchange field of magnitude B = 0.5 eV.
(c) Around the X point, for example, the emergence of nodal points
with opposite topological charge (red and blue balls) for reversed in-
plane directions ✓ of the magnetization imprints characteristic fea-
tures on the phase-space distribution of the Berry curvature field
⌦ = (�⌦m̂k

yy ,⌦m̂k
yx ,⌦kk

xy ) as indicated by the arrows. A logarithmic
color scale from blue (negative) to red (positive) is used to illustrate
the mixed Berry curvature ⌦m̂k

yx in the complex phase space of k and
✓. (d) Spin-resolved band structure of one-layer Na3Bi with an ex-
change field of magnitude B = 0.5 eV applied perpendicular to the
film. Owing to the mirror symmetry of the system, the band cross-
ings around � form a mixed nodal line in momentum space, which
disperses as illustrated in the inset, where colors indicate energy dif-
ferences between the crossing points and the Fermi level in meV.

ogy to the discussed planar model, we classify these objects as
type-(i) nodal points since their emergence is enforced by the
symmorphic symmetry T ⌦M, contrary to the Dirac points
in 2D Dirac semimetals that are protected by non-symmorphic
symmetries26.

Another major consequence of the non-trivial mixed topol-
ogy is the existence of exotic boundary solutions in finite rib-
bons of TlSe. For 1D TlSe, two gapless nodes around X(Y)
may be projected into one or two points depending on the di-
rection of the ribbon. Taking the latter case of two projected
points as an example, we compute the density of states at the
edge of the ribbon, and present it in Fig. 4b. Similarly to 3D
Weyl semimetals, there are no boundary states at the projected
points of mixed Weyl points. On the other hand, one can
clearly see the edge states around the �̄ and Ȳ points, arising
as a result of the complex topology, and presenting a limiting
case of the edge states which accompany the Chern insulator
phases for ✓ infinitesimally close to 90�.

Breaking the underlying T ⌦M symmetry, e.g., by buck-
ling of the lattice (see Supplementary Note 2), splits the four

nodal points in TlSe, which originally appeared at ✓ = 90�,
into two distinct groups that manifest for generic magnetiza-
tion directions. To elucidate this transition more clearly, we
consider the case of monolayers Na3Bi and GaBi, where this
symmetry is absent. As visible from the phase diagrams pre-
sented in Fig. 3(b,c), the single Weyl points in these systems
emerge at the boundaries between the T -broken quantum spin
Hall phase and Chern insulator phases with different Chern
numbers. Analogously to TlSe, we identify the mixed topo-
logical charge of such points to be Q = ±1, depending on
the position in (k, ✓)-space. However, in contrast to TlSe,
for which both the number as well as the position of mixed
Weyl points is determined by symmetry, the single mixed
Weyl point in Na3Bi and GaBi appears for a given generic
direction of the magnetization, and we thus classify them as
generic mixed Weyl points of type-(ii).

From mixed Weyl points to mixed nodal lines. In reality, it
can occur that the mixed Weyl point is realized accidentally
for a range of ✓ in the 2D ferromagnet, as it is for example
the case of TlSe at a fixed value of exchange field of about
0.29 eV, see Fig. 3a. In the spirit of Fig. 1d, this presents a case
of a truly mixed nodal line in that it is a 1D manifold of states
of a given system which evolves not only in k-space but also in
✓. The non-trivial topological character of such a line is again
reflected in the non-trivial Berry phase that can be computed
as a line integral of the Berry connection along a path in k-
space which encloses the corresponding point that the mixed
nodal line pinches in the BZ at a given ✓, see Fig. 1d. The
occurrence of such mixed nodal lines is purely accidental and
it does not rely on the symmetries in the system, while per-
turbing the system (i.e. by changing the magnitude of B) may
result in the mixed nodal line’s destruction (as it is the case
e.g. for TlSe), as we discuss below. Owing to the subtle in-
terplay of exchange interactions and relativistic effects which
underlies their emergence, the realization of such mixed nodal
lines in real materials sets an exciting challenge, where 2D
magnets are advantageous for semimetallic states that are ro-
bust against variations of the magnetization direction.

Another distinct type of a mixed nodal line is the 1D nodal
line which evolves in k-space for a fixed direction of the mag-
netization, see Fig. 1c, similarly to the nodal-line semimet-
als which exhibit nodal lines in high-symmetry planes cor-
responding to the crystalline mirror symmetry17–21. While
the M symmetry is broken by an in-plane exchange field,
it survives when m̂ is perpendicular to the film plane. As
shown in Fig. 3b, the energy gap remains closed in Na3Bi with
✓ = 0� above the critical magnitude Bc. To gain insights into
the topological properties in this case, we take B = 0.5 eV
and present the spin-resolved band structure of the system in
Fig. 4d. In absence of inversion and time-reversal symme-
tries, all bands are generically non-degenerate. Taking into
account the mirror symmetry M, bands in the xy-plane can
be marked by mirror eigenvalues ±i, and those with oppo-
site mirror eigenvalues can cross each other without opening
a gap. As the highest occupied and lowest unoccupied bands
in Na3Bi cross each other around the � point, a nodal line is
formed as shown in the inset of Fig. 4d.

in-plane field
B|| = 0.5 eV
nodal points

X              M

G                Y
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Band gap as function of B-field orientation

No semimetal 
phase:

Bi bilayer

only MWSM:

GaBi bilayer

C. Niu et al.,
Nature Comms.
10, 3179 (2019)

MWSM

MNLSM

Mirror 
symmetry:

TlSe

Mixed 
nodal line 
and Weyl 
semimetal
phases:

Na3Bi
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semi-hydrogenated Bi bilayer:

huge orbital moment change 
at the Weyl point:
Ø large spin-orbit torques
Ø jump in magnetoelectric 

response

red/green: opposite edges
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FIG. 6. Microscopics and prospects of nodal points in mixed topological semimetals. (a) The p-dominated valence and conduction states
in the functionalized bismuth film realize an orbital inversion close to the Fermi energy, leading to an emergent band crossing for the generic
direction ✓ = 43�. The z-component of the orbital angular momentum L = �µB

Pocc
kn

P
µh 

✓
kn|rµ ⇥ k| ✓

kniµ of all occupied Bloch states
| ✓

kni is represented by colors, rµ is the position relative to the µth atom, and the real-space integration is restricted to spherical regions around
the atoms. (b,c) A finite electric field E repopulates the electronic states at the Fermi level EF, which can be used to promote the net effect
of mixed Weyl points on orbital magnetism. (d,e) Evolution of the orbital magnetization mz(k) in the complex phase space of the crystal
momentum k and ✓ in (d) the functionalized bismuth bilayer, and (e) the ferromagnet VOI2. In both cases, the topological phase transition,
which is accompanied by an emergent monopole in momentum space, happens for the critical value of ✓ that is indicated by the red star.
(f) One-dimensional Fermi arcs connect the projections of the nodal points with opposite charge (red and blue dots) in a zigzag ribbon of the
functionalized bismuth bilayer. Red and blue colors denote the localization of the Fermi arcs at opposite edges, and bold numbers refer to the
evolution of the bulk Chern number C with the magnetization direction ✓.

magnetic monopoles in two of the predicted mixed topologi-
cal semimetals. These features are present for both types of
nodal points, i.e., the generic and symmetry-enforced ones.

Remarkably, the pronounced but competing local contribu-
tions to the OM for fixed ✓ nearly cancel each other render-
ing the net effect of the mixed Weyl points on the total OM
rather small. However, the microscopic response of the orbital
chemistry to magnetically controlled band crossings opens up
bright avenues for generating large orbital magnetization by
applying an electric field that repopulates the occupied states
(see Fig. 6b,c). Such a giant current-induced orbital Edelstein
effect can have a strong impact on phenomena that rely sen-
sitively on the orbital moment at the Fermi surface. More-
over, the drastic change in the local OM with ✓ may be used
to detect experimentally the presence of mixed Weyl points
in the electronic structure by detecting large variations in the
current-induced orbital properties62,63. To demonstrate the
feasibility of our proposal, we explicitly evaluate the orbital
Edelstein effect mi = ↵ijEj for the buckled p-model with

broken inversion symmetry within a Boltzmann theory62,63:

↵ij = e⌧

X

n

Z
dk

(2⇡)2
df

dEkn
m

loc
n,i(k) vn,j(k) , (4)

where ⌧ is the relaxation time, f is the Fermi distribution func-
tion, and vn,i(k) and m

loc
n,i(k) correspond to the ith compo-

nents of the state’s group velocity and its local orbital moment
mloc

n (k) = (e/2~) Imh@ku✓
kn|⇥ [Hk � Ekn]|@ku✓

kni, respec-
tively. While the equilibrium OM hardly changes as a function
of the direction ✓ (see Fig. 2e), the sharply peaked current-
induced response ↵ij is an immediate orbital signature of the
emergent mixed Weyl points with complex topology, Fig. 2f.

Discussion
Owing to the nature of mixed semimetals incorporating the
magnetization direction as an integral variable, we expect pro-
nounced “topological” magneto-electric effects to which these
materials should give rise. Apart from their substantial rele-
vance for technological applications based on magnetic solids,

Edge states 
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Antiferromagnetic spin-Hall insulators:

Sn-halogenides
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Antiferromagnetic order + QAHE = QSHE

material
realization:
halogenated Sn
bilayer (Sn4I3)

C. Niu et al.
arXiv:1705.07035
and Phys. Rev. Lett. 124, 066401 (2020)
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QSH effect in antiferromagnetic TIs

band inversion creates quantized SH current

additional valley-polarization (model result):
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Switchable QSH states 

Gapless interface state 
appears between two TIs
with opposite Dirac velocities
[Takahashi & Murakami, 
Phys. Rev. Lett. 107, 166805 (2011)]
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A-B domain wall in Sn4I3

zig-zag domain wall between two
AFM domains hosts four edge states:

o
x

o
x

o
x

x
o

x
o

x
o

x
o

x
o

x
o

Takahashi & Murakami, PRL 107, 166805  (2011)

Topological AFM spintronics: Nat. Phys. 14, 242 (2018)

G
. W

ójtow
icz, I. Aguilera (2018)
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Summary:
• QSHI – QAHI transition 

• large B-fields needed
• rich phase diagrams
• chemical modification: H-Bi

• TCI– QAHI transition
• small B: directional dependence
• large B: robust QAH phase

• Mixed Weyl semimetals 
• magnetic moment direction as 

new variable
• nodal lines/points in (B,k) space

• AFM order in TIs
• handle on spin current direction

C = +1

C
=
�

2
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