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 Why thermodynamics for materials?
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For     = 300 K,     = 1 
atm  ~ 108 site-1 s-1

Requires          10-12 atm
to keep a “clean” 
surface clean; surface 
can also lose atomsT p

p
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 Thermodynamic potentials
ܷ(ܵ, ܸ, {ܰ})

ܨ ܶ, ܸ, ܰ = ܷ − ܶܵ
ܪ ܵ, , ܰ = ܷ + ܸ

ܩ ܶ, , ܰ = ܷ − ܶܵ + ܸ

ܷ݀ = ܶ݀ܵ − ܸ݀ + ∑ ݀ߤ ܰ

ߤ =
߲ܷ
߲ ܰ ௌ,

=
ܪ߲
߲ ܰ ௌ,

=
ܨ߲
߲ ܰ ்,

=
ܩ߲
߲ ܰ ்,



 Reaching the equilibrium



 Statistical thermodynamics
ܵ = ݇ log ܹ

ܹ - number of microstates for a 
given macrostate

This is “only” a postulate - but it 
works!

Why it should work: (i) in 
equilibrium ܹ → max, so that 
ܵ → max; (ii) ܵ is additive, but ܹ
is multiplicative



 Statistical thermodynamics

ܲ = షಶ/ೖ


, ܼ = ∑ ݁ିா/்

 , ∑ ܲ = 1



 Statistical thermodynamics

ܹ = ே!
ேభ! ேିேభ !

ேିேభ !
ேమ! ேିேభିேమ !

… = ே!
ேభ!ேమ!…

ܰ = ܰ ܲ = ܰ షಶ/ೖ


, ሚܵ = ݇lnܹ = ݇ln ܰ! − ݇ ∑ ln ܰ!

ln ܰ! ≈ ܰlnܰ − ܰ

ܼ - canonical partition function



 Statistical thermodynamics
ሚܵ = ݇lnܹ = ܰ݇lnܼ + ே

்
∑ ݁ିா/்ܧ



෩ܷ = ே


∑ ݁ିா/்ܧ
 = ே்మ


డ
డ்

ܵ =
ሚܵ

ܰ
=

݇lnܹ
ܰ

= ݇lnܼ +
ܷ
ܶ

= ݇lnܼ + ݇ܶ
߲lnܼ
߲ܶ

ܨ = ܷ − ܶܵ = −݇ܶlnܼ

ܷ = ෩
ே

= ்మ


డ
డ்

= ݇ܶଶ డ୪୬
డ்

ܩ = ܨ + ܸ = −݇ܶlnܼ + ܸ

,ܶ)ߤ ( = డீ
డே ்,

= డ
డே

−݇ܶlnܼ + ܸ ்,



The supercell approach
Can we benefit from periodic modeling of non-periodic systems?

Yes, for interfaces (surfaces) and wires (also with adsorbates), and 
defects (especially for concentration or coverage dependences)

Supercell approach to surfaces 
(slab model)

supercell

• Approach accounts for the lateral periodicity

• Sufficiently broad vacuum region to decouple the 
slabs

• Sufficient slab thickness to mimic semi-infinite
crystal

• Semiconductors: saturate dangling bonds on the
back surface

• Non-equivalent surfaces: use dipole correction

• Alternative: cluster models (for defects and 
adsorbates)



 Statistical thermodynamics

equilibrium

),(
22 OO pT

Δܩ = ௦௨ܩ ைܰ + 1 − ௦௨ܩ ைܰ + ଵ
ଶ

ைమߤ

ைߤ = ଵ
ଶ

ைమߤ



 Statistical thermodynamics

Δߛ ைܰ , ܶ,  =
1
ܣ

௦௨ܩ ைܰ, ܶ,  − ௦௨ܩ ைܰ
, ܶ,  − ைߤ ைܰ − ைܰ

 → min
ேೀ

௦௨ܩ ைܰ − ௦௨ܩ ைܰ
 = Δܧ௦௨ + Δ ௩ܷ − ܶΔܵ௩ − ܶΔܵ + Δܸ



 Statistical thermodynamics

ܼ =
௧௦ݖ

ே

ܰ!
௧ݖ

ே ௩ݖ
ே ݖ

ே ௨ݖ
ே

translational states are invariant with respect to any 
permutations of molecules (indistinguishable molecules)



 Statistical thermodynamics
,ܶ)ߤ ( = డ

డே
(−ܰ݇ܶln ௧௦ݖ + ݇ܶlnܰ! − ܰ݇ܶln ௧ݖ −

ܰ݇ܶln ௩ݖ − ܰ݇ܶln ݖ − ܰ݇ܶln ௨ݖ + ,்(ܸ

ߤ ܶ,  = −݇ܶln ௭ೝೌೞ
ே

− ݇ܶln ௧ݖ − ݇ܶln ௩ݖ −
݇ܶln ݖ − ݇ܶln ௨ݖ + ݇ܶ

௭ೝೌೞ
ே

= 
ே

∫ ݁ି ℏܓమ

మೖ݀ଷk = 
ே

ଶగ்
ℏమ

య
మ = ்


ଶగ்

ℏమ

య
మ

required input - molecule’s mass ݉
ݖ = ∑ ݏ2) + 1)݁ି

ಶ
ೖ ≈ ݏ2 + 1 ݁ିಶబ

ೖ → ߤ ≈ ܧ − ݇ܶln(2ݏ + 1)
required input - ݏ ,ܧ



 Statistical thermodynamics

௧ݖ = ଵ
ఙ

∑ ܬ2) + 1)݁ିಳబ(శభ)
ೖ ≈ ଵ

ఙ ∫ ܬ2 + 1 ݁ିಳబ శభ
ೖ ஶ ܬ݀

 = ்
ఙఏೝ

ߠ = ℏమ

ଶூ
ܫ , = ಲಳ

ಲାಳ
݀ଶ, ݀ is the bond length

௧ߤ ≈ −݇ܶln ଶ்ூ
ఙℏమ , required input - rotational constant 

(calculated or from microwave spectroscopy)



 Statistical thermodynamics

௩ݖ = Πୀଵ
ெ ∑ ݁ି ାభ

మ
ℏഘ
ೖஶ

ୀ = Πୀଵ
ெ ݁ି

ℏഘ
మೖ ∑ ݁ି

ℏഘ
ೖஶ

ୀଵ =

= Πୀଵ
ெ ష

ℏഘ
మೖ

ଵିష
ℏഘ
ೖ

(used the fact that sum over ݊ is a geometric 

series)

௩ߤ = ℏఠ
ଶ

+ ݇ܶln 1 − ݁ିℏఠ/்

required input - vibrational frequency ߱



 Ab initio atomistic thermodynamics
It is convenient to define a reference for                :),( pT ),(),( 0 pTEpT  

Alternatively: )/ln(),(),( B
 ppTkpTpT  

and                                   from thermochemical tables (e.g., JANAF)),( atm1 pT



 Ab initio atomistic thermodynamics
),(

22 OO pT

Δߛ ைܰ, ܶ,  =
1
ܣ

Δܧ௦௨ + Δ ௩ܷ − ܶΔܵ௩ − ܶΔܵ + Δܸ − ைΔߤ ைܰ

electronic structure calculations

Δܨ௩ ܶ, ܸ = ܸ ∫ ݂ ܶ, ߱ ߪ ߱ − ߪ ߱ ݀߱ஶ
 (߱)ߪ , -

phonon density of states, ݂ ܶ, ߱ = ℏఠ
ଶ

+ ݇ܶln 1 − ݁ିℏఠ/்



 Ab initio atomistic thermodynamics

Δߛ(ܶ, (ைమ = ଵ


௦௨ܧ ைܰ − ௦௨ܧ 0 − ைܰ
ଵ
ଶ

ைమܧ − ଵ
 ைܰΔߤை(ܶ, (ைమ

bulk Pd metal

surface



p(2x2) O/Pd(100)

(√5x√5)R27o PdO(101)/Pd(100)
M. Todorova et al., Surf. Sci. 541, 101 (2003); K. Reuter and M. 
Scheffler, Appl. Phys. A 78, 793 (2004)

Δߛ(ܶ, (ைమ = ଵ


Δܧ௦௨ ைܰ −
ଵ
 ைܰΔߤை(ܶ, (ைమ



First-principles atomistic thermodynamics: 
constrained equilibria

constrained
equilibrium

C.M. Weinert and M. Scheffler, Mater. Sci. 
Forum 10-12, 25 (1986); E. Kaxiras et al., 
Phys. Rev. B 35, 9625 (1987); 

X),(
22 OO pT ),( COCO pT

K. Reuter and M. Scheffler, 
Phys. Rev. B 65, 035406 (2001); 
Phys. Rev. B 68. 045407 (2003)

Δߛ ܶ, ைమ =
1
ܣ

௦௨ܧ ைܰ , ܰை − ௦௨ܧ
 − ைܰ

1
2

ைమܧ − ܰைܧை

− ଵ
 ைܰΔߤை ܶ, ைమ − ଵ

 ܰைΔߤை ܶ, ை



Surface phase diagrams

CO oxidation on 
RuO2(110)

K. Reuter and M. Scheffler,
Phys. Rev. Lett. 90, 046103 (2003)
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When vibrations do matter 
µ H

(e
V)

µO (eV)
ZnO (0001) 
surface phase 
diagram in H2O-O2
atmosphere – no 
vibrations

M. Valtiner, M. Todorova, G. Grundmeier, and J. Neugebauer, PRL 103, 065502 (2009)

No structure with 
(2x2)
periodicity as seen 
at the ZnO(0001) 
surface
annealed in a dry 
oxygen 
atmosphere 
(containing at 
maximum
2 ppm water)



When vibrations do matter 

M. Valtiner, M. Todorova, G. Grundmeier, and J. Neugebauer, PRL 103, 065502 (2009)

 ࡴ


(b
ar

)

ࡻ (bar)

A (2x2)-O adlayer
structure is 
stabilized by 
vibrational
entropy effects

Observed at 
“humid” 
conditions



 Very small concentrations of defects can
significantly alter materials properties

50 ppm Fe



“My precious!”: Perfect defected gems  

Cr:Al2O3 V:Al2O3 Fe:Al2O3 Fe:Al2O3

Fe,Ti:Al2O3

Impurities are responsible for the color 
of sapphire and many other precious 
stones

Typical concentrations: 100-10000 ppm



Entropy

WkS ln

W – number of microstates

TSpVUG 

1) Solid: vibrational entropy (phonons) 

2) Solid: electronic entropy

3) Gas: vibrational, rotational, translational, etc. (part of          )

4) Solid: defect disorder
i



Configurational entropy

configconfigconfig
~)]([ TSGTSSSTpVUG 

equivalent defect sites in the soldN
n defects

If defects do not interact:
)!(!

!lnconfig nNn
NkS




Stirling’s formula:

n
nnnnn

2
)2ln(~,1),1(ln)!ln(  

 )ln()(lnlnconfig nNnNnnNNkS 
Good approximation only on a macroscopic scale



Defect concentration

)(~)( config0 nTSGnGnG f 

Minimize the free energy  of the system with respect to the 
number of defects

If defects do not interact:

  1exp
1




kTGN
n

f

  1exp1  kTG
N
n

f

 kTpTG
N
n

f ),(exp  – textbook formula 



 Reaction kinetics - kinetic MC (kMC)

A

B
Molecular
Dynamics

TS

ΔEA→B ΔEB→A

kA→B

kB→A
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Transition State Theory

Master equation



 Reaction kinetics - kinetic MC (kMC)

Molecular Dynamics:
the whole trajectory

Kinetic Monte Carlo:
coarse-grained hops

ab initio MD:
up to 50 ps

ab initio kMC:
up to minutes



 Crucial ingredients of kMC

1) Elementary processes

Fixed process list vs. „on-the-fly“ kMC
Lattice vs. off-lattice kMC

2) Process rates

PES accuracy
Reaction rate theory

x
x
Ocus

CObr
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tdP )()()(



K. Reuter and M. Scheffler, Phys. Rev. B 73, 045433 (2006)

Adsorption: CO - unimolecular, O2 – dissociative
no barrier
rate given by impingement 

Desorption: CO – 1st order, O2 – 2nd order
out of DFT adsorption well (= barrier)
prefactor from detailed balance

Diffusion: hops to nearest neighbor sites
site and element specific
barrier from DFT (TST)
prefactor from DFT (hTST)

Reaction: site specific
immediate desorption, no readsorption
barrier from DFT (TST)
prefactor from detailed balance

)2/( B0 TmkpSk 

26 elementary processes 
considered



T = 600 K              pO2 = 1 atm pCO = 7 atm

K. Reuter, D. Frenkel and M. Scheffler, Phys. Rev. Lett. 93, 116105 (2004)

K. Reuter, C. Stampfl, and M. Scheffler, Handbook of materials modeling, 
part A. Methods, p. 149, Springer, Berlin (2005)



 kMC phase diagrams
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 (pO2, pCO)-map of catalytic activity

10-15 10-10 10-5 1 105

105

1

10-5

pO2 (atm)

p C
O

(a
tm

)

10-10 10-5 1 105

4.0
3.0
2.0
1.0
0.0

-1.0
-2.0
-3.0

K. Reuter, D. Frenkel and M. Scheffler, Phys. Rev. Lett. 93, 116105 (2004)

pO2 (atm)600 K



 Ab initio atomistic thermodynamics approach
allows to model materials in thermodynamic
equilibrium at realistic temperatures and
pressures from first principles

 Surface phase diagrams and defect
concentrations as a function of temperature and
pressure are two prominant exapmples

 Machine learning provides means for fast 
configuration sampling using coarse-grained
models, in particular for alloys and surfaces




